We introduce a family of partially entangled thermal states in the SYK model that interpolates between the thermo-field double state and a pure (product) state. The states are prepared by a euclidean path integral describing the evolution over two euclidean time segments separated by a local scaling operator O. We argue that the holographic dual of this class of states consists of two black holes with their interior regions connected via a domain wall, described by the worldline of a massive particle. We compute the size of the interior region and the entanglement entropy as a function of the scale dimension of O and the temperature of each black hole. We argue that the one-sided bulk reconstruction can access the interior region of the black hole.
Introduction
It is generally believed that black holes must admit a self consistent quantum description. In AdS/CFT, this microscopic theory takes the form of a finite temperature CFT on the asymptotic AdS boundary. While the rules of quantum mechanics are manifestly obeyed in this holographic setting, it has proven to be a non-trivial task to extract local bulk physics inside the black hole horizon from the dual quantum theory. The logical tension between QM and the semi-classical bulk description is most directly underlined by the firewall argument [1, 2] .
An often studied finite temperature state in AdS/CFT is the (unnormalized) thermofield double state
living in the tensor product Hilbert space of a left-and right CFT. It defines the purification of the thermal density matrix, and can be thought of as obtained by performing a CFT path integral describing the euclidean time evolution over half a thermal circle with period β. The TFD state of a holographic CFT is believed to be dual to a maximally extended black hole space time with two asymptotic regions separated by a bifurcate horizon [3] .
Another type of thermal states are typical pure states of some given total energy. Assuming that the ETH applies, these states will look thermal relative to the set of local bulk observables. Alternatively, one can consider pure states of the form
with |B some typical CFT boundary state. Assuming |B is uncorrelated with the local bulk observables, this state also looks thermal from the outside. We will call them "thermal pure states". They are believed to describe a one-sided black hole geometry.
Our interest is to learn more about the holographic reconstruction of the black hole interior. For thermal pure states, one can use the mirror operator construction of [4] , or more generally, the quantum error correction procedure of [5] , to reconstruct the interior operators from a single CFT. This situation must be contrasted with the thermo-field double case. For the TFD state, the one-sided quantum state is a thermal density matrix and the firewall argument of [1, 2] implies that the one-sided bulk reconstruction is limited to the region outside the horizon.
Figure 1:
The euclidean (left), lorentzian (right) space-time associated with the thermo-field double state (top) and thermal pure state (bottom). The middle column shows the total geometry describing the state preparation and real time evolution, obtained by glueing the euclidean and lorentzian geometry together along the equator of the disc
Partially entangled thermal states in SYK
An attractive dual perspective on the thermal pure states was recently suggested in [10] , within the context of the SYK model [7] . The SYK model is a quantum theory of N Majorana variables {ψ i , ψ j } = δ ij dynamically coupled via the Hamiltonian The thermal pure state defined via
H |s = L s|TFD (1.5) looks like a thermal state relative to the class of flip invariant operators, that do not depend on the sign of the individual Majorana variables [10] : all n-point correlation functions tr(ρ s O 1 ...O n ) = Ψ|O 1 ...O n |Ψ of collections of operators that are invariant under the 'flip group' are equal to the thermal expectation values with inverse temperature β (as long as n N ).
As suggested in [10] [12] , the projection L s|TFD of the thermo-field double state onto a particular boundary state can be holographically represented as an 'end-of-the-world particle' that removes the left asymptotic region of the two sided black hole geometry, but keeps part of the left region in place. The left region thus becomes identified with the black hole interior as seen from the right.
A qualitative description of the proposed dual geometry corresponding to the thermofield double and the thermal pure states is indicated in Fig 1, c.f. [10] . The top row indicates the thermal circle (left), which in the holographic setting, constitutes the boundary of a Poincaré disc, the euclidean AdS 2 bulk space time. The corresponding two sided black hole geometry is shown on the top right. The middle column shows the total geometry that includes the state preparation and the real time evolution is obtained by glueing the euclidean and lorentzian geometry together along the equator of the disc. The bifurcate horizon is situated at the center of the disk. The bottom row indicates the geometry of the thermal pure state. The trajectory of the end of the world-particle starts at the intersection point between the left boundary and the equator, where the lorentzian geometry is glued onto the euclidean half-circle. This geometric argument that pure black hole state has a smooth interior geometry provides support for the aforementioned (state-dependent) QEC procedure for constructing interior operators [4, 5] .
Thermal pure states and the thermo-field double are both mathematical idealizations. Generic states are somewhere in between: macroscopic systems are never in a pure state nor in a perfect thermally mixed state, since typically we know somewhere between everything or nothing about a system. 5 In current terminology, a class of states compatible with a classical background is called a code subspace [5] [6] . It thus becomes natural to look for a practical generalization of the thermo-field double or thermal pure states, in the form of an interpolating family of partially mixed thermal states.
In the context of the SYK model, there are two natural ways to define such an interpolating family of states. The first method is a straightforward modification of the above construction of the thermal pure states. We will describe this method first. Then we introduce a second class of partially mixed thermal states with a better understood holographic description. This second type of states will be the main focus of this paper. 5 By the same token, observables that measure properties of a macroscopic quantum system are usually defined with reference to some classical environment or restriction. So they are typically neither purely state-dependent nor completely state-independent.
Consider the 2 N dimensional Hilbert space H spanned by 2N Majorana variables ψ i . We assume N = even. Introduce the basis of 2 N states |s defined in eqn (1.4). Next we partition the 2N Majorana fermions into two groups of N Majorana fermions {ψ L , R }, each spanning sub-Hilbert spaces H L , R of dimension 2 N/2 . Let H L and H R denote two identical SYK Hamiltonians acting on each subsystem. Note that the choice of the Hamiltonian depends on the choice of partition. 6 Now consider the following class of 2 N entangled states
(1.6)
By choosing different partitions, we obtain a large class of states with different degrees of entanglement between the left-sector H L and right-sector H R . The thermo-field double is the unique state for which the partition into {ψ L , ψ R } precisely coincides with the division into {ψ even , ψ odd }, and for which all s k = 1. On the other end of the spectrum, the thermal pure states correspond to the case for which the {ψ L } consists of N/2 Majorana pairs (ψ 2k , ψ 2k+1 ), so that the boundary state (1.4) factorizes into left and right boundary state |s = |s L ⊗ |s R . The state (1.6) then factorizes into a product of two thermal pure states. For the generic choice of partition, the states (1.6) are partially entangled thermal states with an entanglement entropy somewhere in between zero (for the pure product states) and the thermal entropy (for the TFD state). We discuss some further properties of the class of state (1.6) in Appendix A.
In the rest of this paper, we will study the properties and holographic dual geometry of another class of partially entangled states of the form
where O m,n = m|O|n are the matrix elements of some arbitrarily chosen local scaling operator O. This state satisfies the property then evolving over a second euclidean time interval β L . It is tempting to identify β L , R with the effective temperature of the left-and right QM system, but as we will see, this identification is in general not correct.
The class of states (1.7) includes the TFD and thermal pure states as special limits. If we chose O = 1 with n|1|m = δ nm , the state (1.7) reduces to the thermo-field double with inverse temperature β = β L + β R . On the other end, if we send β L → ∞, we project the left CFT onto the vacuum state. For a sufficiently random choice of the operator O, the state (1.7) then takes the form of a thermal pure state (1.5). We will call the above general class of states 'partially entangled thermal states' (PETS).
The reduced density matrix for QM R after tracing the over the left Hilbert space ρ R = Tr L |Ψ Ψ| is given by
or more succinctly
(1.10)
In the following, we will usually choose O to be a scaling operator O , with scaling dimension . We will be mostly interested in large scaling dimensions of order N/βJ. More generally, we will also consider the generalization of PETS in which we replace the single operator O by an incoherent sum of operators O i with all approximately the same conformal dimension. The PETS then becomes a partially entangled mixed state.
A useful graphical notation
We are interested in determining the entanglement and thermal properties of the partially entangled thermal state and of their holographic dual. For this purpose, we briefly pause to introduce a helpful graphical notation for the three types of states.
The thermofield double state represents the purification of the (unnormalized) thermal density matrix
The TFD state can be thought of as being prepared by a euclidean path-integral of a single QM system, evolved over half of the thermal circle
Here for later convenience we adopted the congruence e 
The half circle indicates the euclidean time evolution over β/2 and the red dot indicates the projection onto the state |s defined in eqn (1.4). The corresponding density matrix is denoted by
(1.14)
with P s = |s s| the projection on the state |s .
Partially entangled thermal states are represented in this notation as
As indicated by the figure, this class of PETS is prepared by performing a path integral over two segments of a thermal circle separated by the insertion of a local scaling operator O . This insertion has a number of non-trivial effects.
If the dimension of the operator is small, the operator insertion produces a small perturbation of the TFD state. The dual space-time will just look like the two-sided black hole with a single particle excitation propagating in the bulk. For this paper, we will instead be interested in the case in which the scale dimension of O is of order ∼ N/βJ. As we will see, in this regime the insertion of the operator O leads to a non-trivial modification of the dual geometry. This backreaction is indicated graphically in eqn (1.15) via the kink connecting the two arcs. Due to the presence of the kink, the two arcs each span an angle bigger than π/2, reflecting the physical difference between the quantities β L , R , that specify the left-and right-euclidean time lapse, and the effective temperature as seen by the corresponding one-sided observer. The ratio between the two is parameterized by an angle
One of our tasks is to compute how these angles θ L , R depend on the scale dimension of the local operator and on β L and β R .
The density matrix in graphical notation reads
Its partition sum Z = trρ reduces to the thermal SYK two-point function, with inverse temperature
with τ ≡ β R . This thermal two-point function has been analyzed and can be explicitly computed in the Schwarzian limit of the SYK model. This is the appropriate limit for our purpose of extracting the holographic dual interpretation of this class of partially entangled states.
Overview of results
In this paper we will determine the 2D space-time dual to the partially entangled states (1.7) in the SYK model (1.3), for ∼ N/βJ, and compute the entanglement entropy between the two sides. We will work in the low energy approximation of the SYK model, described by Schwarzian quantum mechanics. This is the appropriate regime for comparison with AdS 2 gravity.
There exists an elegant and for our purpose very useful reformulation of the Schwarzian theory in terms of the motion of a charged particle on AdS 2 in a large constant magnetic (euclidean) or electric (lorentzian) field [13] [14] . The classical action of the 1D effective theory is proportional to the area of AdS 2 enclosed by the worldline of this charged particle. For the euclidean finite temperature partition function, this worldline follows a circular path, which we identify with the thermal circle. In this description, the two-point function (1.18) is obtained by adding an extra term to the 1D effective action equal to times the length of a bulk geodesic connects the two points t = 0 and t = τ along the worldline of the charged boundary particle. The semi-classical path of the charged particle then looks like the squeezed thermal circle shown on the left in figure 2. The two thermal circle segments represent the piece-wise-circular trajectory of the charged particle, and the red line represents the geodesic worldline of a massive bulk particle with mass . 7 The 7 A very similar geometric set up has been considered previously in [10] and [15] . Figure 2 : The euclidean and lorentzian space-time dual to the partially entangled states (1.7).
The worldline of the massive bulk particle created by the operator insertion O is indicated by the red line. It divides the space-time into two AdS 2 regions. For a sufficiently massive particle, the worldline is hidden behind two horizons. In this figure, the left-horizon is the true 'extremal surface' with minimal value Φ L of the dilaton.
holographic dual geometry consists of two AdS 2 regions glued together along the path of the massive particle. As shown in figure 2, each AdS 2 region contains a center point, that after analytic continuation to lorentzian signature, corresponds to a bifurcate horizon of a two-sided black hole.
For sufficiently large above some critical value, determined by β L , R , the worldline of the bulk particle is hidden in the region behind two horizons. In this regime, the state will look thermal relative to the observables that probe the left and right exterior region. The effective left and right temperature and the opening angles θ L , R are determined via the effective Schwarzian dynamics. We will compute these effective temperatures in section 2.
In figure 2 , the left-horizon is the true 'extremal surface' with minimal value Φ L of the dilaton. In section 3, we will show that its value governs the entanglement entropy between the two sides via S ent = S 0 + Φ L /4G N with S 0 the microscopic ground state entropy of the SYK model. In section 4 we will argue that this extremal surface separates the regions accessible through one-sided bulk reconstruction from each side. In particular, the right-sided entanglement wedge includes the regions a and c behind the horizon shown figure 2. Finally, in section 5 we discuss some generalizations of PETS with more than one operator insertion. In the Appendix we collect some useful formulas for determining and reconstructing the classical bulk geometry.
Space Time Geometry of PETS
In this section our interest is to determine the holographic dual geometry described by the partially entangled thermal states, in the semiclassical regime. One approach would be to start from the Jackiw-Teitelboim model [17, 18, 20, 21] . As mentioned above, this JT model can be recast as the mechanics of a charge boundary particle in a magnetic field [13] (see also [14] and [15] ). Here we will follow a somewhat different route: we will start from the exact correlators of the low energy effective theory of the SYK model, given by Schwarzian quantum mechanics, computed in [22] . We then take their semiclassical limit [23] and derive the semi-classical space time geometry from the resulting expression. As we will see, this procedure is remarkably efficient.
We will denote the JT dilaton by Φ. The coupling constant that appears in the Schwarzian action is C = Φr 8πG N , with Φ r = Φ b the renormalized boundary dilaton value. In SYK, the coupling C corresponds to the heat capacity C = α S N/J, with α S an order one constant [7, 9] . For the Schwarzian action we follow the notation in [22] . We summarize the coordinates and our conventions in Appendix B. In the following, we will parametrize the energy E and thermal entropy S of a finite energy state by means of a dimensionless 'momentum' variable k via
where S 0 denotes the microscopic SYK ground state entropy.
As explained in the Introduction, the partition function associated with a PETS is given by the two-point function of two operators of dimension . The exact two-point function obtained in [22] can be written as
where the 'action' appearing in the exponent is given by
and we defined τ 1 = τ , τ 2 = β − τ and the density of states ρ(k) = 2k sinh 2πk. This second way of expressing the two-point function will be very useful below. We will refer to I(k i , θ i ) as the action associated to the two-point function with values k i and θ i . At this point this gives an exact expression computing the two-point function, up to an unimportant normalization factor I 0 which appears as a constant term in the action.
We now take a semiclassical limit, C and both large with /C fixed. Since is a dimensionless number it should be compared with a dimensionless ratio such as 2πC/β. Since we will take β to be of order one we will simply compare directly with C. In this case the integrals over k i and θ i become dominated by their saddle point. The saddle point scaling is such that k i ∼ C and θ i ∼ 1. This approximation is reliable since the action scales as I ∼ C. We define the (order one) semiclassical action I s.c. as
(2.5)
In this limit the action simplifies to
We see that when ∼ O(C), the saddle point will depend on the value of . We can interpret this as the result of backreaction of the space time geometry. The saddle-point equations 8) for i = 1, 2. Using the first equations one can eliminate the angles θ i . This gives the equivalent system of equations
The geometric meaning of the above equations will be explained below. In the small limit, /C 1, the backreaction is turned off. The solution then becomes k i ≈ 2πC/β and θ i ≈ 2πτ i /β Keeping track of the subleading O( /C) terms, one finds the expected form of a thermal two-point function in a 1D CFT
(2.11)
The curve that maximizes the action with two operator insertion (red dots) at τ 1 = τ and τ 2 = β − τ . The horizons of each side are located at the black dots.
Backreaction
In this subsection we will extract the geometric interpretation of our saddle-point equations (2.7) and compare our results with the action described in [15] . In [15] , the authors exploit the fact ( [13] and [14] ) that the Schwarzian action associated to the reparametrization mode f (u), u ∈ (0, β) is proportional to the area enclosed by the curve (ρ(u), θ(u) = 2π β f (u)) in a hyperbolic space with metric 12) where ρ(u) is determined from the constraint that the induced metric is g uu = 1/ 2 , with a small cut-off scale. This describes a cut-off version of the Poincare disk in Euclidean signature. The Schwarzian action can be recast as a geometric problem regarding the boundary particle as
where D(X 1 , X 2 ) is the geodesic distance between the location of the insertions X 1 , X 2 . The approximation is valid when the cut-off 1 so that ρ(u) is large. A denotes the area enclosed by the trajectory of the boundary particle, and L ∼ β its length.
For
C we can neglect the term in the action depending on the geodesic distance between X 1 and X 2 . Then the curve that minimizes the area with a fixed length is given by a circle inside the Poincare disk. This maps to Lorenzian signature to a black hole with the horizon located at the center of the disk. The location of this circle as a function of the length (temperature) is
In this case it is easy to see that the action in (2.13) matches the first terms of our action (2.6) using the explicit expression for the area A = 2π cosh ρ and length L = 2π sinh ρ in for the Poincare disk.
When a heavy operator is inserted we also need to also minimize the distance between the insertion points X 1 and X 2 . First one can approximate each side of the boundary by circles as shown in figure 3 . Each has a radius given by
If we define the opening angle of each circle by θ i as in figure 3 then the length on each side is related to the time insertions as
By using this equation and (2.16) one gets precisely the first relation of our saddle-point equations (2.7). With these identifications, the geodesic distance between X 1 and X 2 is given by as
The first line of this equation is a purely geometric result. In the second line we have used our proposal to identify our variables with geometry. A first observation is that the two equivalent geometric expressions become consistent when one takes into account the second set of saddle point equations (2.7) since it implies k
. From the geometry of figure 3 this is simply the hyperbolic version of the sine rule. A second observation is that the second equation in (2.7) allows us to write
Inserting this relation in the action proposed by [15] we find a match with our on-shell action (2.6). The same is true for the independent terms in (2.6). This connection allows us to extract the backreaction due to operator insertions in terms of our variables θ and k.
One important parameter of the geometry is the angle φ defined in figure 3 which can be shown to be equal to φ = /C. If we take the cut-off to be ∼ 1/βJ in terms of SYK variables, then φ ∼ /N . Another interesting parameter of the geometry is the distance between the horizons (specified by the center of each circle segment). This distance D H can be expressed as
We can separate this into a minimal geodesic distance D 1 (D 2 ) between the left (right) horizon and the world line of the bulk particle as
One can verify they add up to the distance between horizons
. For any , the horizon associated to k min is always visible from the outside, and it is always part of the geometry. This is not true for the other horizon associated with k max . When takes values between = 0 and a critical * , the right horizon is not part of the geometry, it is removed by the gluing procedure across the worldline of the bulk particle. The second horizon becomes visible for > * . From the formulas above (in particular the one for D 1 and D 2 ) one can write a condition that determines the critical scaling dimension * as 22) where the momenta in the right hand side are functions of * , β and τ , determined by solving the saddle point equations (2.9). From the geometry of figure 3 one can see that this is equivalent to the condition θ = π (for which the bulk particle worldline crosses the horizon associated to k max ).
Another way of writing the condition of both horizons being part of the geometry is
In this regime, the trajectory of the bulk particle lies between the two horizons. The corresponding state of the SYK system will look thermal from the perspective of simple observables that can only measure the state outside each horizon. We will elaborate more on bulk reconstruction for these geometries in section 4.
Using this knowledge about the backreaction we can analyze the cases → 0 and → ∞. We show both cases in figure 4 and we explain below how these simple figures allow us to find approximate solutions to the saddle-point equations.
When → 0 backreaction is negligible, k 1 ≈ k 2 ≈ 2πC/β. Then the geometry is a circle in the Poincare disk with length ∝ β and the evaluation of the geodesic distance reproduces equation (2.11). We will study the leading correction to this limit in section 3.3.
On the other hand when → ∞ points X 1 and X 2 want to be as close as possible. The two arcs become full circles touching at a point. The renormalized length of each circle is fixed to be τ 1 = τ and τ 2 = β − τ . We can anticipate then k 1 ≈ 2πC/τ 1 and k 2 ≈ 2πC/τ 2 with θ i ≈ 0. From equation (2.20) we can deduce the distance between horizons as a function of the dimension in this limit as D H ≈ 2 log C .
Dilaton Profile
The Schwarzian dynamics fixes the backreaction and therefore fixes the boundary curve as explained above. From the boundary curve, one can easily find the dilaton profile inside the bulk. The detailed formulas are left for Appendix B. Here we point out the relevant qualitative features of the euclidean configuration and its continuation to lorenzian signature.
The dilaton blows up near the asymptotic boundary of AdS. The boundary curve is defined such that Φ b = Φ r / for a cut-off and a finite renormalized dilaton Φ r . The Schwarzian captures the limiting dynamics as goes to zero. In euclidean space, the dilaton Φ is smaller than Φ b everywhere inside the cut-off curve and has a local minimum at each horizon. For the TFD in euclidean space (circle in the Poincare disk) one has concentric circles of constant dilaton. In the continuation to lorentzian signature across the t = 0 time slice, the boundary curve splits into two hyperbolas (corresponding to the left and right QM) that hit the boundary of AdS after finite global time. Inside of the lorenzian bulk, the 4d singularity is located where Φ + Φ 0 = 0 so one could imagine taking as a cut-off Φ = −Φ 0 or to be safe −Φ b . From the 4d perspective the inner horizon is located −Φ h and its well known to be unstable. Therefore we will cut-off the geometry at −Φ h . We show this situation in panel (a) of figure 5.
For the PETS with an operator inserted during the euclidean evolution, we need to glue two of locally TFD solutions along the world line of the bulk particle as shown in panel (b). As reviewed in Appendix B each side of the circles have a definite SL(2, R) charge. Charge conservation implies that the dilaton is continuous along the bulk brane when the two halves are glued 10 . As expected from the equations of motion, the slope of the dilaton is discontinuous with a jump proportional to the mass of the boundary particle ∇Φ L − ∇Φ R ∼ .
The dilaton inside of the cut-off surface stays always below the UV cut-off value fixed by Φ bdy . Then the bulk space between the cut-off surface and the singularity can be trusted. As the mass of the bulk brane is increased the gradient ∇Φ grows without bound, ∇Φ → ∞ for → ∞. This implies that there is a critical value cr of the mass such that for > cr the low energy approximation that gives JT gravity breaks down. The geometry inside the causal future of the particle position at t = 0 (V-shaped region in panel (c) of figure 5) describes a strongly coupled region. The answer for what happens Figure 6 : The boundary curve that maximizes the Schwarzian action with two pairwise operator insertions.
inside this region might depend on fine grained details of the operator and of the SYK dynamics. If the operator is a projection that acts on all fermions such that ∼ N , it was argued in [10] that the region inside the V-shaped region must be removed.
Multiple Insertions
In this subsection we will comment on the generalization of PETS produced by multiple operator insertions. In the leading large N limit and low energy limit of the SYK model, we can then compute the relevant correlation functions using the results of [22] .
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Using the same procedure as described above for the two-point function, we derive that the 2n-point functions is determined by a semiclassical action which has the form
In the first term the sum is over propagators over times τ i with an intermediate state energy
The second term is a sum over pairs of insertions into a bilocal field. Finally the third term is a sum over momenta k that are different off-shell. From this action one can obtain the saddle point equations and bulk geometry by a gluing procedure similar to the case of two operators.
Example: Four-Point Function
As a concrete exercise we will apply the ideas above to the four-point function. This shares some general features with the case of an arbitrary number of insertions. We will use the results in section 5.
In figure 6 we show the geometry backreacted by the two bilocal insertions. We determine the shape of the geometry from the semi-classical expression of the time-ordered four point function
Applying the rules of the previous section the effective action computing this correlator is given by
where i τ i = β. The geometric role of each variable is shown in figure 6 . The first line corresponds to a sum over each propagator over a time τ i . There are four of them contributing, although only three different ones (off-shell) due to a conservation law. In the second line we sum over both pairings. Finally the third line has a sum over channels coming from the density of states. Note that, since off-shell only three momenta differ, p contributes as 2πp and not 4πp.
Since we will use the results in this section later we will write down the saddle-point equations in detail. From varying the momenta k, p, q we obtain
From varying the opening angles θ's we obtain the equations
(2.27)
By eliminating the angles θ can obtain an equation for p, k and q.
Entanglement Entropy of PETS
In this section we will combine the results of the previous section (and Appendix B) to compute from first principles the entanglement entropy of the partially entangled thermal states using the replica trick. We will begin by reviewing the case of the TFD. Then we will consider operators without backreaction and finally the most general case. The upshot of the calculation will be that the entanglement entropy is determined by the global minimum of the dilaton. This is consistent with the holographic entropy prescription [26] .
We will consider a bipartite PETS defined in the introduction. In this section we will study the QM R density matrix ρ = Tr L |Ψ Ψ| after performing a partial trace over the left QM. We will compute the Renyi entropy of these states and from it deduce the entanglement entropy. The Renyi entropy is defined as
where n indicate the replica index and the limit n → 1 gives the entanglement entropy.
Another observable with this properties is the modular entropy defined as
This is a more natural candidate for an entropy associated to the system of n replicas, as explained in [30] . By using our methods we could in principle compute both. Nevertheless, only the modular entropy S n has a clear holographic interpretation, as found in [29] building upon [27] 13 .
For these reasons explained above, in this paper we will focus on S n which, with slight abuse of terminology, we will still refer to as Renyi entropy.
As a brief warm up, we will begin by analyzing the TFD state
Its partition function Z(β) is a path integral over thermal circle of length β, as shown in figure 2. In the semiclassical limit, large C, it is given by
where the dots indicate subleading terms. From the point of view of the Schwarzian theory the extremal zero-point values of entropy and energy S 0 and E 0 are undetermined but 13 Another advantage is the fact that one can compute S n without worrying about the normalization of the density matrix. An attempt to divide by (Trρ) n in equation (3.2) will give the same S n after taking the derivative with respect to n. large 14 . In the case of SYK S 0 , E 0 ∼ N while near extremal corrections are subleading S − S 0 ∼ N/(βJ). The value of the dilaton at the horizon of a black hole geometry is given by
and fixed by the temperature.
Using the replica trick, the trace of ρ n is equivalent to the partition function of a circle of size nβ. This is a simple extension of the result above
We can rewrite this result as
where Φ h (n) is the dilaton at the horizon of a black hole of size nβ. This is the minimal value and also lies at the fix point of the replica Z n symmetry 15 . The entanglement entropy S = lim n→1 S n = −Trρ log ρ is given by
we could have directly guessed this thermodynamic relation between entropy and free energy. This thermodynamic relation will no longer be true for PETS.
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We can repeat this entropy calculation for the PETS described in the introduction. In particular we will consider
To simplify some formulas below we will parametrize this state by τ = β R /2 and β = β L + β R or equivalently
β − τ . For reasons that will be clear below we will focus on β R = β L or τ = β/4. We will later generalize this state to multiple insertions in section 5.
The procedure, similarly to the previous computation, is to consider a thermal circle of size nβ for n replicas, with 2n operator insertions. Then the trace of the replicas is 14 S 0 is a zero-point entropy while S n denotes the n-th modular entropy. We hope this will not cause confusion since we will never take the n → 0 limit of the modular entropy in this paper.
15 This is not true for the more standard definition S n since S n = S 0 +(1+n)2π
The right hand side is not given by Φ h (n)/4G N unless n = 1, and we can see even in this simple example the advantage of the modular entropy (3.2).
16 From the 4d perspective, the derivation of the Jackiw-Teitelboim model reduces a near extremal black hole to the near horizon region AdS 2 × S 2 (see for example [25] ). The dilaton then is the perturbation from extremality of the size of the horizon A h = Φ 0 + Φ h . The entanglement entropy above is therefore the usual Bekenstein entropy of a near extremal black hole since S 0 = Φ 0 /4G N is related to the extremal dilaton in the same way.
given, in terms of β and τ , by the following correlator
where the dots indicate the remaining of the 2n operators and the unperturbed TFD partition function we reviewed above is log Z 0 (nβ) = S 0 + nβE 0 + 2π 2 C nβ . In the equation above we added the partition function since, following the notation of [22] , we defined correlators to be normalized to 1 for O = 1. Then the Renyi entropy we focus on in this paper (3.2) is given in terms of correlation functions of the Schwarzian theory
The expression in equation (3.9) is naturally divided into the sum of two terms. The logarithm of the correlator always involves S 0 + nβE 0 + . . .. This gives a contribution of the order N zero-point entropy S n = S 0 + . . .. The goal will be to compute the leading near-extremal correction S n − S 0 ∼ C contribution to the entropy, when C is large with /C fixed 17 .
Warm-up: Light Operators
We will begin as a warm-up by analyzing the limit 1 C 18 . Correlators satisfy large N factorization and the building blocks are given by the semiclassical answer of equation
2 , without backreaction.
Before writing down the general answer lets begin by taking n = 2. Using factorization, the fact that all four operators are identical and the negligible backreaction gives a simple answer
10)
The channel combinatorics makes it hard to extend to arbitrary n. But for 1 C one can simplify this considerably. To be concrete assume first that 0 < τ < β/4. We 17 As mentioned in section 2, the dimensionless should be compared with a dimensionless ratio such as 2πC/(β R + β L ). Since we will use units in which β is of order one we will simply compare with C. 18 For 1 one can apply entanglement entropy perturbation theory. can rewrite the previous expression in a convenient way as
If we assume 1 then the second and third term are negligible regardless of τ (the tangent is smaller than one only for τ < β/4). If τ > β/4 then the channel contracting operators separated by β − 2τ (term with cosine above) dominates. Using this we can run the same argument for arbitrary n and τ . In figure 7 we show the situation for n = 4 as an example. The general answer can be written in each case as
, β/4 < τ < β/2.
Note that we are not using a properly normalized density matrix. This is not a problem for computing S n (3.2) (although S n is sensitive to normalization). Using this result the Renyi entropy is given by
From this expressions taking the limit n → 1 is straightforward. The corrections to these expressions are of order O(1/ ) and O(1/C) so that for 1 C this is well justified.
The only subtelty occurs at precisely τ = β/4. For this choice there is a phase transition where the Renyi (or entanglement) entropy is continuous but with a jump in the first derivative. Another feature is the symmetry under τ → β/2 − τ (β L ↔ β R ) due to the fact that |Ψ ∈ H L ⊗ H R is a pure state and therefore S L = S R .
Heavy Operators
The main issues appearing when attempting to compute S n is the channel combinatorics and the presence of contractions with crossing legs that imply non-trivial gravitational interactions (the appearance of the R-matrix from [22] ). Both these problems can be avoided in the semiclassical limit of large C and large ∼ C in a way similar to the previous case. Correlators of an arbitrary number of operators, as reviewed in section 2, are exponential in C meaning that
(3.14)
Therefore to exponential accuracy in C, the correlator is dominated by the channel which minimizes the classical action I k appearing in the exponent. This is similar to the situation in higher dimensions where large N ensures that one picks the saddle-point of minimal action as long as there are no degeneracies.
This solves both problems since a single channel dominates and moreover channels with crossing legs never win (the reason is analogous to the statement in Lorenzian time that OTOC cannot be bigger than time ordered ones). For the calculation of the Renyi entropy of the state defined above there are two cases in which different channels dominate (1) 0 < τ < β/4 and (2) β/4 < τ < β/2.
We need the correlator of 2n operators placed periodically at a distance alternating between 2τ and β − 2τ . For case I the channel that dominates has a contraction between operators separated a distance 2τ . We show this channel in figure 8 , where we define the intermediate channel momenta k i and p.
The configuration has a Z n symmetry of permuting the replicas and a Z 2 symmetry of time reversal. This is important for finding the saddle-point of the classical action giving this correlator (momenta running along outer circles k i are different off-shell but coincide on-shell k i ≡ k thanks to the Z n symmetry). In general the correlator is given semiclassically as 
(n) < k(n). Case II: Four local minima at the horizons (black dots) with Φ i ∝ p i (n) = p(n) and at the Z n symmetric horizon with Φ min ∝ k(n) < p(n).
the explicit formula for the termsĨ i and the saddle-point equations can be obtained from the general methods explain in section 2. Using that k i ≡ k the correlator simplifies to log G n (τ, β) = S 0 + nβE 0 + 2πp + n 2πk +Ĩ(p, k, , τ, β) (3.16)
Using this we can compute the Renyi entropy S n as
Now we can see the advantage of this definition of the Renyi entropy. When taking the derivative with respect to n one has the explicit n depence and the implicit dependence through the saddle-point value of p(n) and k(n). When evaluated on the saddle-point solution, the derivative with respect to the implicit dependence on n vanishes exactly. Taking derivatives only to the explicit factors of n simplifies considerably where the saddle-point equation defining p(n) and k(n) is given by
Y is the position in embedding space parametrizing the bulk dual to the boundary with n replicas. As we see in figure 8 , there are several local minima of the dilaton (only two are different due to Z n symmetry). The Renyi entropy is given by the global minimum which corresponds to the value Φ h (n) at the Z n symmetric central horizon in the figure. Indeed for 0 < τ < β/4 and any the condition p(n) < k(n) is always satisfied. This is consistent with the prescription derived in higher dimensions holography in [29] . The standard Renyi entropy S n does not have such a simple formula but it is still computable using the explicit expressions of the semiclassical action. Now we can take the n → 1 limit. The local minimal values of the dilaton at the left and right horizons are
we show this in terms of the black hole bulk geometry in figure 9 . We explained in section 2 that one of the horizons might be hidden and would not be part of the geometry for a range of . It is easy to see that from the two horizons the one with minimal horizon dilaton is always visible.
After case I, deriving the results for case II is straightforward. The channel that dominates now has contractions between nearest neighboring operators separated by β L = β − 2τ . The Renyi entropy is given by the momentum which does not appear with a factor of n in the semiclassical action. For case I this was p and for case II it is k instead (see right panel of figure 8 ). This gives
Then the holographic prescription is still valid for case II. The saddle-point equations are different though and now become
which coincides with the previous case for n = 1 but in general might be different. In this case now k(n) < p(n) for any choice. The situation for n = 1 also gets reversed with respect to the previous case. The prescription of choosing the minimal value of the dilaton still gives the right answer
Summary
Putting everything together we can write the general result valid as long as τ = β/4 (β L = β R ). Looking at figure 9 we see that the dilaton profile has two potential local minima given by the horizons value Φ L = Φ(Y H L ) and Φ R = Φ(Y H R ), which are proportional to p and k respectively. For arbitrary n the minima occurs in the Z n invariant point which is always given by min(p, k). Therefore the entanglement entropy for these partially entangled states labeled by the operator insertion and τ is given by 25) where the choice of p or k is equivalent to finding the minimum between the local minima Φ L and Φ R . The dependence of the entanglement entropy on the PETS parameters and τ is given implicitly by the saddle point equation taken from the previous section for n = 1. This can be easily rewritten in terms of Φ L and Φ R .
In general this system of equations needs to be solved numerically. In practice we can derive analytic formulas in two cases. First when /C 1. This was studied above as a warm-up using a different approach but the same answer can be derived from equations (3.26) and (3.27) . This gives (for τ < β/4) the approximation
This corresponds to a small perturbation to the TFD value of the dilaton due to the operator backreaction, since the correction is of order δS ∼ ∼ O(1). We see that since τ < β/4 the global dilaton minimum is indeed given by p(n).
On the other extreme we can take /C 1. Then the 'clover' diagram describing the backreaction (see figure 10) gives a graphical representation that gives the approximation (for the τ < β/4 case,
When τ > β/4 the roles of p and k are replaced. In this case the correction is of order δS ∼ O(C) due to the semiclassical backreaction. We also see that indeed the global minimum of the dilaton corresponds to p for τ < β/4 (and k in the other extreme).
For general values of /C the parameter p and k interpolate between these limits. As a summary of this discussion the Renyi entropies are given in each limit by the approximations
which is valid for any τ and again we used x = min(2τ, β −2τ ). A numerical solution of the saddle point equations shows that p(n) (or Φ L ) and k(n) (or Φ R ) interpolate smoothly and monotonically from the → 0 to the → ∞ limits that we derived above.
One could ask in what sense are these states partially entangled since the entropy seems to increase with . Consider the case such that p < k and therefore Φ L < Φ R . The TFD corresponds to the state of maximal entropy with the constrain of a fixed average energy E R . The energy of the right QM in the PETS can be easily computed to be exactly
The state that maximizes the entropy is the thermal one with an inverse temperature chosen such that
. This can be purified as a TFD living in a tensor product of left-and right QM, with entropy S TFD = S 0 +2πk. This should be compared with the actual entropy which is S PETS = S 0 + 2πp. Since p < k we see that S PETS < S TFD = S max . It is in this sense that our states are partially entangled.
The entropy 2πk has another interpretation. In the case that the bulk brane falls behind the right horizon an observer in QM R cannot notice the state not being thermal, unless one measures complicated observables that are able to see behind the horizon (see figure 11 below, we still take Φ L < Φ R ). In the usual statistical mechanical sense, a coarse grained observer will believe he or she is outside a TFD with temperature associated to the right horizon Φ R /4G N = 2πk. The coarse grained energy will be correct, E R = E 0 + k 2 /2C but the entropy S c.g. = S 0 + 2πk will be off with respect to the microscopic one S = S 0 + 2πp.
Finally, another measure one can take to characterize the loss of entanglement from a bulk perspective is the decay of left-right correlators at time t = 0. In the TFD state they are given by
where P is the dimension of the probe operators, not related to the one of the operator insertion that created the PETS. For the PETS we are considering the left-right correlator is difficult to compute. Nevertheless for P 1 we can approximate it by a renormalized geodesic distance. This gives
This prefactor goes from 1 when is small (since for small backreaction θ ≈ π). For a large perturbation of the TFD C and θ ≈ 0 giving O L O R PETS → 0. When the left-right correlator becomes smaller than e −S where S is the entanglement-entropy, one can say the two QM are not connected by a smooth semiclassical wormhole (firewall instead?).
For
C the correlator behaves as tan
and therefore the ratio between the PETS correlator and the TFD decays as exp(−2 P log C ), controlled by the distance between horizons.
Bulk Reconstruction
In this section we will comment about bulk reconstruction of PETS. We will focus on the case in which the operator O has dimension ∼ C ∼ N/βJ, so that the bulk geometry is the one shown in figure 11 . We will argue in this section that the regions that can be reconstructed from either side are as shown in the right panel of figure 11 . We will give two separate arguments in support of this proposal, one using entanglement wedge reconstruction [31] and one using a tensor network representation of the bulk state 19 .
Entanglement wedge reconstruction
To put this discussion in context, we first take a step back to a pure higher dimensional AdS bulk space time. Pick a region A included in the boundary of AdS. A natural question to ask is to what extent can we reconstruct bulk operators using CFT operators living on this region A. Semiclassically, one can apply the BDHM/HKLL prescription to reconstruct local operators included in the bulk causal wedge C A of A [39, 40, 41] . In contrast, it is believed that from operators in region A one should be able to reconstruct operators inside the entanglement wedge E A of A, defined as the bulk domain of dependence of the region between A and its extremal RT surface [31, 33, 34, 6, 35] . Since the entanglement wedge can in general be bigger than the causal wedge, C A ⊂ E A , it is an interesting problem to find natural ways to represent local operators φ such that φ lives in the algebra of operators associated to E A but not on C.
In [37] the authors propose a concrete way to construct operators in the entanglement wedge (see also [36] and [38] ). Their construction involves defining the zero-mode of a CFT operator O under modular flow associated to the modular Hamiltonian K A , defined via ρ A = e −K A with ρ A the density matrix associated to region A. The modular zero-mode is given by (a properly regulated version of) It is argued in [37] that this highly non-local CFT operator, that lives in the algebra of operators of inside the region A, is dual to an operator that lives on the RT surface
Here Y labels a point in AdS restricted to the RT surface. In this expression the integral is over the RT surface associated to A, namely the boundary (in the bulk) of the entanglement wedge, and φ(Y RT ) is a local bulk operator. The measure dµ(Y ) of the integral over Y is given by a bulk boundary propagator. We will not need its explicit form here. The proposal gives a concrete construction of (non-local) bulk operators outside of the causal wedge, at the edge of the entanglement wedge.
Lets apply this construction to the geometry of figure 11 . We pick parameters such that the left horizon H L is the horizon with minimal dilaton and therefore the extremal surface. According to the result of our previous section, its area fixes the entanglement between left-and the right QM systems. In the panel (a) of figure 11 we show the causal wedges of QM L (region in red) and QM R (region in blue). A naive intuition would be that observables in QM R can only reconstruct operators in the green region and operators in QM L can only reconstruct operators in the blue region. The red region is outside the causal wedges and naively would require a two sided reconstruction in terms of operators that act in both QM L and QM R .
The construction of [37] provides an example showing that the naive expectation is not correct. Instead one should consider the full entanglement wedges. The entanglement wedge associated to the left QM coincides with its causal wedge and its shown in blue in figure 11 . In this low dimensional setting, the RT surface becomes a point namely
The entanglement wedge of the right QM becomes therefore the green region in panel (b) of figure 11 which includes the interior spatial regions a and c. Therefore we propose that this picture is the correct one describing the bulk reconstruction in this PETS. We will motivate this proposal in two ways.
As a first motivation, we can use the construction in [37] as explained above. Our setup has two advantages. First by construction the Hilbert space factorizes H = H L ⊗ H R . Secondly, the RT surface is a point. Therefore the modular flow zero-mode defined in (4.1) becomes a local insertion (4.2) located at the left horizon. We can formally define the modular Hamiltonian associated to the density matrix of the right QM written down in equation (5.1) defined as ρ R = e −K R with ρ R the density matrix of the PETS given in eqn (5.1). Then the suggestion of [37] implies that, up to normalizations,
where O is an operator living in the right QM.
This is an interesting result for the following reason. A naive observer in the right QM would be led to believe (by doing generic measurements) that she lives in a thermal state and therefore K R naive = β R H R . We call this the coarse-grained modular hamiltonian. Then by applying the prescription of [37] she would end up reconstructing an operator in the boundary of the causal wedge, the right horizon
Of course, upon closer inspection, if the observer is able to do fine-grained measurements and discover that her density matrix is not thermal, correcting for the modular flow will allow her to reconstruct up to the left horizon. Even though it is believed that the entanglement wedge reconstruction gives the right microscopic answer, in practice it may still be extremely hard to reconstruct operators between the two horizons H L and H R using the right QM alone.
Tensor network representation
The above conclusion is supported by the following tensor network argument. 20 . Figure  12 shows a tensor network representation for the bulk reconstruction map for the thermofield double state (left) and the thermal pure state (right) [11] . Let us first explain the Figure 12 : The tensor network representation of the one-sided reconstruction of interior and exterior operators for the thermo-field double state (left) and the thermal pure state (right). The reconstruction map of the bulk operators is indicated by the corresponding red arrows [11] .
former. We assume that the left and right CFT Hilbert space can be factorized into the tensor product of a (visible) bulk QFT Hilbert space H
Each tensor T denotes the embedding of the tensor product into the respective CFT Hilbert space. The left-and right horizon Hilbert space is assumed to be in unique maximally entangled state between the two sides, and is therefore represented by the lines connecting the two tensors. For the TFD state, each bulk QFT Hilbert space is reconstructed in terms of the corresponding CFT. This reconstruction map is indicated by the red arrows. Hence each side can only reconstruct its causal wedge. In this sense, the thermo-field double state has a firewall: a one-sided infalling observer (that can only use one-sided observables) cannot pass the horizon unscathed. This conclusion follows from the AMPS argument: the one-sided states are thermal mixed states, and do not encode the local entanglement that is required to ensure smoothness of the horizon.
The situation is different for the thermal pure state. Let us write the thermal pure state as
The tensor network for the TFD state is the same as before, but it is now capped off on the left with a projection onto the left state s|, indicated by the triangle. In the space- Figure 13 : Tensor network representation of the partially entangled thermal state.
time diagram the projection is indicated by the 'end-of-the-world particle, that cuts off the left asymptotic region [10] . Since there is now only one CFT, the bulk reconstruction has to proceed towards the right. Concretely, the above figure indicates that a bulk QFT operator A inside the black hole region a with matrix elements with A nm = n|A|m acts on the CFT Hilbert space as (c.f. [5] and Appendix C)
where P denotes the projection onto the state |s . This tensor network is a schematic representation of the state-dependent reconstruction map of [4] , or equivalently, of the general construction of the interior operators of [5] based on the application of quantum error correction technology. The latter construction is summarized in Appendix C, and also works for partially mixed states. For the thermal pure state, there is no quantum information theoretic obstruction to reconstruct the black hole interior.
Finally, we turn to the tensor network representation of the partially entangled thermal states shown in figure 13 . It is useful to think about PETS as a local operator O sandwiched between two thermal field double states with temperature β L and β R . Since each TFD state is a tensor product state, this leaves a (partially) entangled state. Each TFD state is represented by a pair of tensors T and T † . The operator O, viewed as an element of the tensor product of two QM Hilbert spaces, is a partially entangled stateit is partially transmitting (entangled) and partially reflecting (product of pure). In the above tensor network, this is indicated by the partial projections, depicted by the red triangles.
The number of lines between the successive tensors in figure 13 indicates the amount of entanglement across the corresponding interface. As indicated, the left horizon H L supports the minimal amount of entanglement, and thus forms the information bottleneck between the left-and right CFT. Hence the left horizon is the bifurcation between the left-and right entanglement wedge. The reconstruction of the bulk QFT modes in each region proceeds as indicated by the right arrows. The rule is that the arrow points in the direction of the nearest interface with the largest number of lines, since this is the direction that dominates entropically: the bulk modes are entangled with the largest nearby Hilbert space. This entropic argument underscores the entanglement wedge reconstruction proposal.
The QEC reconstruction procedure of [5] directly applies to region a, and with minor modification, to region c. The density matrix of the right system
is only partially mixed: its von Neumann entropy is strictly smaller than the thermal entropy. The operator insertions in effect restrict ρ to lie within a certain code subspace of the total Hilbert space. This enables the QEC reconstruction of the interior operators. The density matrix of the left system is maximally mixed, and the QEC procedure does not work in this case. The left entanglement wedge is equal to the left causal wedge, the outside region to the left of the horizon.
Generalizations
In this section we discuss two generalizations of partially entangled states. In the first subsection, we introduce a coarse graining by including an incoherent sum over different operators of the same scale dimension, all inserted at the same euclidean time instant. Then we briefly discuss the case of two different operators insertions at different euclidean times.
Coarse graining and tripartite entanglement
Looking at figure 9 we have learned that the entanglement entropy is fixed by (the extremal entropy S 0 plus) the one associated to the smaller horizon (Φ L in the figure). But we could ask the following question. Which physical quantity is associated to the other horizon where the dilaton attains a local minimum Φ R > Φ L in the cases for which both horizons are part of the geometry? If both describe the microscopic von Neumann entropy of the corresponding QM system, the total combined state can no longer be in a pure state. This observation makes it natural to wonder if one should also associate an entropy with the operator insertion itself, and consider the PETS as a tripartite state.
Specifically, instead of the density matrix ρ = e
β R H of the right QM system, we study instead consider the following class of mixed states where we sum over K 1 operators with dimensions i ≈ constant. Since we assume that ∼ N/βJ 1, the scaling dimension is large and it is natural to expect a correspondingly large degeneracy K of operators with dimension close to . The density matrix (5.1) does not correspond to tracing out the left QM in a pure state in H R ⊗ H L . In particular, the entropy is not the same for the right-QM or left-QM, S L = S R . One can add a Hilbert space associated to the operator H op , with one basis element for each value of the index i = 1, . . . , K. Then the state can be purified in the tensor product H R ⊗ H L ⊗ H op . We will comment below on this tripartite structure of entanglement.
This generalization has a few motivations. First, taking K large makes it more straightforward to decide which contraction channel dominates in the correlator involved in the computation of the nth Renyi entropy. Take the entropy for the right CFT. In the large K limit one can see that the channel in the left panel of figure 8 dominates. This is true independently of β L and β R as long as K is taken to be sufficiently large (but not larger than N ). In this way we obtain
Here Φ R is a local minimum of the dilaton, but not necessarily the global minimum. On the other hand, repeating this analysis for the left QM gives
since now the opposite channel dominates. This should be contrasted with the entropy of pure PETS in which case the entanglement entropy in both cases is equal to the minimum between S L and S R .
In the type of states discussed in this section we have computed S L and S R . What is the maximal value of S LR , the entropy of the left-and right system combined? Since the tripartite state living in the enlarged Hilbert space H R ⊗ H L ⊗ H op is pure, the entropy of the reduced density matrix on H R ⊗ H L is equal to the entropy of the density matrix on H op , which in turn is bounded by the degeneracy of operators with scaling dimensions in the neighborhood of . We will call the log of this level density the spectral entropy S . We will now argue in favor of the following inequality and equality
To motivate this proposal, consider a PETS with a fixed β R and take the limit β L → ∞. In this limit k L → 0 and the left QM gets frozen to its ground state 21 . From the discussion in section 2 it is clear that if one takes k R = then the end of the world brane sits on top of the right horizon as shown in figure (14) . In this special situation, it is natural to associate an entropy to the object right at the horizon, the massive bulk particle, an entropy that is equal to the RT entropy. This leads to the formula S = 2πk R = 2π . A similar argument that motivates this proposal can be made using the results of [42] .
We conjecture that the relation in equation (5.4) Note that this assignment is consistent with subadditivity and the Araki-Lieb inequality
Subadditivity is satisfied since S L + S R ∼ S 0 which is trivially larger than 2π . One can check that strong subadditivity is also satisfied.
Using the quantities S L , S R and setting S LR = S = 2π , we can write the length of the throat (the distance between left-and right horizon) in terms of entropies
where we definedS = S − S 0 . Similarly we can write the distance between the trajectory of the bulk particle and the right horizon as
21 This is a slightly subtle argument since the SYK model has a large number of approximate ground states of order e S0 ∼ e N . In any case we assume the dynamics of the left QM to freeze to one of its ground states. Requiring the D 2 > 0 implies that S LR is always larger than the geometric mean of S L −S R andS L +S R . This implies the Araki-Lieb inequality, which only becomes an equality in the case thatS L = 2πk L = 0 and S R = 2πk R = 2π = S .
As a final comment one can study bulk reconstruction in for these states, as in the previous section. Then if Φ L < Φ R the right QM can only reconstruct its causal wedge (outside of the right horizon), which coincides with its entanglement wedge for these states. If one wants to reconstruct up to the left horizon using the right QM one needs to add the knowledge of the degrees of freedom creating the state, associated to the bulk brane. For the system H R ⊗ H op the entanglement wedge reaches the left horizon past the right interior, just like for the pure PETS considered above.
Mulitple operators
In this section we will generalize the previous analysis of PETS to multiple insertions. For simplicity we will begin with two insertions. Generalization to more operators is straight-forward.
We show the Euclidean part that produces the state in figure 15 . To create this state we insert two operators of dimensions 1 at τ 1 and 2 at τ 1 + τ 3 and we define τ 2 such that τ 1 + τ 2 + τ 3 = β/2. To each propagator for time τ 1 , τ 2 or τ 3 we associate a momentum (horizon dilaton) τ 1 → k, τ 2 → q and τ 3 → p as shown in figure 15 .
These dilaton values p, k, q are fixed by the saddle point equations describing the backreaction of JT gravity as explained in section 2. Repeating the analysis of the previous sections, or equivalently applying the holographic prescription, we can compute the entanglement entropy of this state by Depending on the choice of parameters different choices of horizon dilaton dominates. For the case of a single insertion this choice was simply determined by whether τ < β/4 or τ > β/4. In the two operator case we show a phase diagram as a function of time insertions τ 1 vs τ 2 in figure 16 . This has an interesting behavior in terms of the 'tricritical' point that divides the three different regions. The location of the tricritical point can be found in terms of a transcendental equation derived from the saddle point relations, which should be solved numerically. In figure 16 we show the cases → 0 (left panel) and → ∞ (right panel) which can be analytically found. The phase diagram for intermediate interpolates between these extreme cases.
We can also consider 'multi'-partite states for which one averages over the microscopic choice of operators possible such that their dimensions are approximately 1 and 2 . Following section 5.1 we imagine having a large number K of operators with dimensions i ≈ for i = 1, . . . , K. In a large K limit this controls the factorization channel that dominates the Renyi entropy calculation and gives
We can compare these quantities with the entanglement entropy by looking at figure 16.
Another interesting feature of this kind of composite PETS is the following. Let us choose parameters such that the global minimum of the dilaton is located at the middle horizon, so that the entanglement entropy equals S = S 0 + 2πp. We choose large enough such that the two bulk particles are hidden behind the left and right horizons. Then, as opposed to figure 11 , the extremal RT surface is outside the right and left causal wedges and has no overlap with it. This situation is shown on the right in figure 15 . Still, following the discussion in section 4, left-or right observers with sufficient detailed understanding of the microscopic wave function would be able to perform a one-sided bulk reconstruction of their full entanglement wedge, indicated by the green and blue regions in figure 15.
Concluding Remarks
Motivated by the geometric approach of [10] to pure states in the SYK model, we have studied the holographic dual of general class of partially entangled thermal states (PETS) specified by the insertion of the single scaling operators into the euclidean time evolution that creates the thermo-field double state. We studied the bulk dual of a PETS in the low energy approximation of the SYK model described by the Schwarzian theory. We argued that the partially entangled thermal states describe a composite black hole with two horizons, separated by an expanded interior region with a massive bulk particle. We computed the entanglement entropy of these states and compared with the usual holographic RT prescription. We argued, both from an entanglement wedge and a tensor network perspective, that a one-sided reconstruction can be extended into the interior geometry of the black hole.
It would be interesting to generalize this setup to higher dimensions, maybe using SYK-like models such as [44, 45, 46, 47] or 2D generalizations of the Schwarzian action [43] . The bulk membrane dual to the PETS might have more interesting structure in these cases. Another interesting application would be to study, even within AdS 2 , how to apply the GJW teleportation protocol [28] in this context. Since entanglement is a resource for these kind of operations, it should be harder to make the PETS wormhole traversable.
One important point which we leave for future work is to study partially entangled states in the regime where the entanglement is a finite fraction of N . Semi-classically, these states look like factorized black hole geometry as indicated in panel c) of figure 5 . The physics of this transition depends on the microscopic SYK dynamics. This looks like a hard problem, but may be tractable using dynamical mean field theory or via numerical methods.
Another interesting modification of the thermo-field double state is obtained by considering the insertion of a topological interface. A topological interface in a 2D CFT is defined by considering a boundary state in the tensor product of two identical CFTs and then using the folding trick [48] [49] to reorient it such that the reflection from left-movers into right-movers is replaced by a transmission from CFT 1 to CFT 2 (see e.g. [50] ). Since the resulting interface is topological (commutes with the Virasoro algebra), inserting it into the euclidean path integral of the TFD state does not lead to any (localizable) gravitational backreaction. In particular, the effective temperature on both sides will always be the same. Hence the quantum numbers that specify the topological interface should be considered as non-trivial potential quantum numbers of the state associated with the ER bridge of a two-sided black hole geometry.
A A Complete Basis of Partially Entangled States
In this Appendix we discuss a general class of partially entangled thermal states in SYK whose one-sided correlation functions coincide with their thermal expectation value while the two-side correlation functions and entanglement entropy can be different.
Consider 4N Majorana variables ψ
i spanning a 2 2N dimensonal Hilbert space. Introduce the basis of 2 2N states |s defined by
We partition the 4N Majorana fermions into two groups of 2N Majorana fermions {ψ L,R }, from which, two sub-Hilbert space H L,R of dimension 2 N can be built. We consider a class of states
where H L , R are Hamiltonian of the same form acting on H L , R respectively. By choosing different partitions, we can obtain a class of states. with different amount of entanglement between H L and H R . The thermo-field double is the unique state for which everything is transmitted and for which all s k = 1. There are 2 N other states with the same amount of entanglement as the TFD state. For generic states (A.2), K fermion pairs are reflected back and N − K fermion pairs are transmitted from the left to the right system. The number of states of type (
These states are all partially entangled thermal states with entanglement entropy between zero (product states) and the thermal entropy (TFD type states).
We denote the operator that flips the sign of
after averaging over the random SYK couplings. The inner products of these PETS do not depend on the partition
The one-sided two-point correlators are
which is the same as the thermal expectation value of the temperature associated to the subsystem and does not depend on the details of the partition. The temperature can be different in general. We can also compute off-diagonal two-point functions. Only the combination s k ψ 2k−1 ψ 2k has nontrivial expectation value at leading order. Using that it is flip invariant, we compute
If ψ 2k−1 , ψ 2k belong to the same partition, the correlation function can be interpreted as one-sided off-diagonal correlation function. If they belong to different partition, the correlation function can be interpreted as a two-side correlation function and ψ 2k−1 is the counterpart of ψ 2k at the other side.
B Bulk Kinematics and Dynamics

B.1 Kinematics
We will summarize the coordinate systems we use to describe AdS 2 . It is useful to work in embedding space In these coordinates the metric of AdS 2 is
This covers the Rindler patch when analytically continued to Lorenzian signature τ → it R . Another choice of coordinates parametrizes the hyperboloid as
This gives polar coordinate for the plane (x, y) = (r cos θ, r sin θ). The metric is
Then AdS 2 is mapped to the Poincare disk x 2 + y 2 < 1. To compare with the Rindler parametrization one can take θ = τ and r ≡ √ x 2 + y 2 = tanh ρ/2.
Finally one can define coordinates giving the Poincare patch of AdS as
this gives the metric ds
In any coordinate system, geodesic distance between two points can be computed as cosh 
B.2 Dynamics
We summarize the classical solutions of JT gravity in terms of embedding coordinates following and using the notation of [20] . It is then straightforward to translate results to any coordinate system described in the previous section according to convenience. Since the effective coupling is proportional to the combination Φ b /G N involving the boundary dilaton we will take a dilaton normalization such that 8πG N = 1 without loss of generality (since in 2D G N is dimensionless).
The dilaton in regions without matter behaves as [18] where Z is an arbitrary vector in embedding space. Natural boundary conditions for JT gravity giving boundary gravitons described by the Schwarzian action fixes metric and dilaton. Then the boundary is described by Z · Y = Φ b = Φ r / , where denotes the cut-off. This describes a circle (set of points at fixed geodesic distance from a center) in AdS 2 . The center of this circle coincides to the horizon, where the value of the dilaton is minimal. It is easy to find this location as
To summarize, the sourceless solution is fixed by a three-component vector in embedding space R 2,1 . Its direction fixed the location of the horizon and its magnitude fixes the horizon dilaton. Moreover for a fixed Z the boundary curve has length β/ (where denotes the cut-off) with inverse temperature β related to the magnitude of Z (or equivalently Φ h ) as Φ h = 2π β Φ r . In this units, the Bekenstein-Hawking entropy of this geometry is S = 2πΦ h . Finally, the ADM energy is E = Φ These boundary trajectories of constant Z · Y correspond to circles in the Poincare disk coordinates (x, y). Therefore it is natural to draw the backreacted boundary in the Poincare disk coordinates such as figure 3 or 6 (nevertheless these coordinates distort the size and location of the origin with respect to the flat (x, y) plane).
From the 2D Liouville perspective of the Schwarzian theory [22] (see [24] for more details) the horizon dilaton Φ h corresponds to the momentum k = Φ h associated to a primary state of Liouville with energy E = k 2 /(2C), with C = Φ r in units with 8πG N = 1. This is a natural variable to label intermediate states.
Using these identifications and coordinates defined above it is a straightforward exercise to get the equations and relations presented in section 2.
The SL(2, R) of a given solution is also fixed by the vector Z as Q = 2Z [20] . Then one can interpret the boundary trajectory as a particle in a magnetic field [13] . More importantly this allows to add matter in a straightforward way. Within the JT approximation of free matter bulk particles propagate along geodesics Q m · Y = 0 with the space-like vector Q m giving the SL(2, R) charge of the particle, normalized by the mass square Q This charge conservation constrain has the nice property of making the dilaton Φ continuous along the matter geodesic. But the dilaton slope jumps proportional to its mass ∂Φ ∂s L − ∂Φ ∂s R = 2µ, (B.10) in a particle's rest frame where Q matter = (0, 0, µ). In this notation, the mass of the particle µ = (for large ), the dimension of the dual operator. s is a geodesic length in the direction perpendicular to the particle's geodesic. This is consistent with the equations of motion that come from varying the metric which relates the matter stress tensor with the second derivative of the dilaton.
C QEC and the Black Hole Interior
In this Appendix, we briefly summarize the QEC procedure for reconstructing the black hole interior. Consider a holographic large N CFT with a weakly coupled bulk dual. At leading order in N , the bulk QFT Hilbert space is a free field Fock space spanned by orthonormal basis states b n|m b = δ nm . Now consider a given CFT state that corresponds to a semi-classical black hole geometry in the bulk. Due to the Hawking effect, the bulk QFT state represents a thermal mixed state with a non-zero particle density. Following [5] , we represents the embedding of the bulk low energy QFT Hilbert space into the CFT Hilbert space via the following random tensor representation
The T n are the AdS/CFT analogues of the Kraus operators employed in [5] ; the second relation is the standard unitarity condition. The initial state |Ψ 0 can be thought of as describing the horizon state. The T n are assumed to be state independent: they do not depend on |Ψ 0 .
|Ψ looks thermal from the bulk QFT perspective. This gives useful statistical information
where w n =
1 Z e −βEn with n w n = 1 denote the Boltzmann weights. Let P denote the projection operator onto the code subspace H code . Basic statistical reasoning shows that the matrix element of T † m T n between any pair of typical basis states |ī , |j ∈ H code takes the form ī |T † m T n |j = w n δ mn δ¯ij (C.
3)
The operators T † m and T n are large complex random matrices, whose product yields a sum of many terms with different phases. This sum averages out to zero, except when there is constructive interference. Property (C.3) holds with exponential accuracy e S code −S BH = dim H code dim H CFT . Note that T n map a bigger to a smaller Hilbert space, and are therefore noninvertible on H CFT . When restricted to the code subspace H code , however, it becomes effectively invertible.
In analogy with quantum error correcting codes, we now define the recovery operators
Using (C.3), we deduce that (up to exponentially small corrections) the recovery operator R n acts on the state |Ψ via R m |Ψ = √ w m |Ψ 0 |m b , provided that |Ψ 0 ∈ H code . So by acting with the R n 's, one can recover the quantum information contained in the original state |Ψ 0 . with an exponentially small error of order e S code −S BH . We see that the mixed expectation values of the exterior and interior operators matches with those derived from low energy effective field theory in a black hole geometry with a smooth horizon. This reconstruction breaks down for very high point correlation functions and when S code approaches S BH .
